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1. INTRODUCTION 
The higher order heat equation given by 
t-11 4 + I g 4% f) = ; 24(x, t), 
q a positive integer, was studied by J. B. Diaz and C. S. Means [2]. They 
dealt with existence and uniqueness theorems for the initial value problem. 
In the classical case, q = 1, P. C. Rosenbloom and D. V. Widder [lo] 
derived series representation theories for expanding solutions of the heat 
equation in terms of polynomial solutions and associated functions. These 
results were extended to the generalized heat equation u,,+ (2y/x)u,=u, 
by D. T. Haimo [7] and L. R. Bragg [ 11, to the equation u,, + (27/x + 
(2y/x + B’(x)/B(x))u, = uI, B a suitable analytic function, by A. Fitouhi [S], 
and to the Laguerre differential heat equation XU,, + (a + 1 - x)u, = U, by 
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F. M. Cholewinski and D. T. Haimo [8]. H. Kemnitz, in [9], dealt with a 
variation of Eq. (1.1 ). 
The extension of the classical results to the higher order case presents 
some special problems. In particular, the source solution G,(x; t) that plays 
such a central role in the theory of the ordinary heat equation is defined 
by an integral which represents an elementary exponential function and is 
readily seen to be positive for all values of the space variable. Moreover, 
the associated functions are related to the heat polynomials by a simple 
Appell transformation, U(X, t) + G,(x, t) u(x/t, -l/t). 
In the case of Eq. ( 1.1) with q > 1, however, the source solution is 
represented by hypergeometric functions and it is known to assume both 
positive and negative values in any interval of its space variable [2]. 
Further, a direct analogue of the Appell transformation fails to exist. 
Taking into account difficulties arising from these factors, in this paper, we 
obtain a useful estimate for the source solution and its derivatives, define 
a set of polynomial solutions and their associates, and derive a variety of 
their properties, including their relationship to some hypergeometric series 
and to generalized Hermite polynomials and their associates. In its sequel, 
II, .we establish the biorthogonality of our fundamental sets, and obtain 
sufficient conditions for the representation of a solution of (1.1) in a series 
of polynomial solutions with coefficients involving the associated functions. 
2. SOURCE SOLUTION 
We consider the higher-order heat equation 
t-11 4+ 1f$ u(x, t) = -$ u(x, t), (2.1) 
and denote by H the class of all function u(x, t) which belong to Czy in x 
and to C’ in t and which satisfy Eq. (2.1). Such functions u will be called 
temperatures in line with the classical case q = 1. 
A fundamental role is assumed by the temperature G,(x; JJ), the source 
solution of (2.1), defined for any x, and for t > 0, by the integral 
G&s, t) =& jl e -ru2q+zxu d  
a 
1 = =- 
5 e- *,P+ cos xu du. r 0 (2.2) 
With a change of variable, we have 
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G,(x; t) =I tp1/(24) ,lfo (-1) k r((2k+ 1)/2q) x2 
(3 
k 
2P Q2k+ 1) tliu ’ 
where termwise integration follows by Fubini’s theorem. 
We note that 
(2.3) 
G,(x; t) = L& e-.a4l, 
the simple classical source solution. When q = 2, 
G2k t) =& f ( -x2/8t”2)k 
&Ok! I-((2k+3)/4) 
=&m(;+ -j&)9 
where 9(01, /I; z) = XFCO(zk/k! r(ak + /3)), see [2]. 
The source solution can also be expanded in a series of hypergeometric 
functions, since we have, for k = qm + f, I= 0, 1, . . . . q - 1, m = 0, 1, . . . . 
G,(x; t) = 1 t- 1/(2q) 2/ 29x 
o3 (-l)Y”~ 2qm;f/+ 1 
XC ( ) X 2v 
lW=O r(2qm+21+ 1) ( > l/t24 
1 qp, (-1)/I- y ( > X \ 21 
=-t-"(2y) c 
29x I=0 I721+ 1) ( ) 1p, 
o. (-1)“” ?.y 
XC 
( > 
( > 
2v 
m=O (21+ l),,, m l,k ’ 
where (a), = T(a + n)/r(a). 
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Appealing to the Gauss-Legendre multiplication formula [3, p. 41, we 
find that 
G,(x, t) =L t I:l24) 
2qn 
yp, (-1)/r 7 
( 1 x 
( 1 
2/ 
XC 
/=O r(21+ 1) t ~ l/e/) 
Xif 
( _ 1 )vyxt ~ w792~~ 
m=O (2q)2Y”m! (!L!$),,...(~),(~)m...(~),’ 
and 
G&; t) = 1 t - 1’(2q) 
2P 
21+2 21+3 (-1)4 x 2q -*- 2q-1 2q+l 21+2q - - - - 3 2q > 2q 9 . . . . 2q 9 2q > ...> 2q; t ()) - 2q . 
(2.4) 
Using the integral representation (2.2), we note that the (2q- 1)th 
derivative reproduces the source solution in that, if D, denotes differentia- 
tion with respect o x, 
C-1)” x =-- 
s 
me-m24cosxudu 
n 2qt 0 
3 
where the last integral was derived by an integration by parts. Thus we 
have 
D?-‘G,(x; r)=(-l)$GJx; t). (2.5) 
For q > 1, the source solution loses some of its simpler properties so that 
in order to exploit its role in temperature representations, suitable 
estimates for G,(x; t) and its derivatives become essential. In [6], 
A. Friedman establishes estimates for the derivatives of a source solution 
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of a parabolic system. A modification of that approach leads us first to the 
following preliminary inequality. 
LEMMA 2.1. Given y, 0 d y < 1, there is a constant A,,:. 3 1 such that, for 
all real x, y, 
- Re(x + iy)2” 6 - yx2q + A,, y2y. (2.6) 
Forq=l,2, wemaychooseA,,,=l, A2,‘1=(8+~)/(1-~),0<~<1. 
We note that, for t 20, we have 
(,-t(~+iy)~‘J( =,-~Re(x+iy)~q 
,e < - y..c*q + A, ry24 ., (2.7) 
Since, for t > 0, 
G,(x; t)=&[I, e-ru2r+irudu, 
and since, by Cauchy’s theorem, the integral is independent of the path of 
integration, 
G,(~, t)=&jr e-~(u+i~)2y+ix(u+iU)du, 
00 
where v will be suitably chosen. Taking note of (2.7) we find that 
(Gq(x; t)l & ja e-~YU2q+%~2q-= du 
to 
1 IA l+- "X 
s 
co 
<-e 61 e- 
f.>Uzq du 
7t 0 
112q erA,,,y~2“- xx, 
or, if 
we have 
JG,(x, t)l <e (tY)-r”qexp [ -y ($$-)““‘-“I. (2.8) 
4.Y 
409’168 l-7 
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For the derivatives of G,(x; t), we similarly have the representation 
so that 
Using the elementary inequality 
Y 2 0, a, b, c > 0, 
we have 
Appealing to Hijlder’s inequality 
(u+u)%2p-‘(u~+u~), u, u 2 0, p 2 1, (2.10) 
we find that 
ID;G,(x; t)l Q’ 
m/2c, 
~ f-@ + &2q-'(U*q + “*4) du. 
Choosing 
tY &=-a, 24-l 
where O-cd< 1, we have 
If we now let 
&I l-4 
( > 
l/G - 1) 
x &t(A,,, +$I ’ 
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we note that 
(D;G,(x; t)l < exp 
X24 1/(2Y--1) 
2qG$,, + $1 1 1 
r(l/-G) 2”- 1, 
( ) 
4Q 
x 2q7c[ty(l - 6)]“2~ 2qey 6t 
We have thus established the following result. 
THEOREM 2.2. For t > 0,O < y, 6 < 1, 
IG,(x, t)l <F (Q,- l/24 e~c~.;'"2q/')1!'2y-1), (2.11) 
and, for m = 1, 2, 3, . . . . 
where 
C,,$f$$ 3 , (2q[A,, + y6])-‘JZY- l) 
and 
As an immediate consequence, we have the following. 
COROLLARY 2.3. For t > 0, m = 0, 1, 2, . . . . 
lim 
x++m 
DTG,(x; t) = 0. 
(2.12) 
(2.13) 
(2.14) 
(2.15) 
3. THE HEAT POLYNOMIALS 
The heat polynomials are polynomial solutions of (2.1), valid for all 
values of the variables x, t, and given by 
k=O 
n E No = (0, 1, 2, . ..}. 
(3.1) 
Straightforward calculations result, for these polynomials, in the hyper- 
geometric series representations 
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P,1.q(-C f! = x” go . . . . t (3.2) 
and, for n=2qN-t-s, NE N,, s=O, I,..., 2q- 1, 
P2qN+.Y,&? 1) 
=xS(( - l)y+rf)N (s + 1)2@ N, 
s+l 2q-1 2q+l s+2q (-1)” X 2y -N:- - -,...,-.- - 
2q ’ “.’ 2q ’ 2q (1) 2q ’ t 2q ’ 
(3.3) 
where, in the last equation, we used the Gauss-Legendre multiplication 
formula [3]. 
We note the special cases 
and 
(3.5) 
where 6,,j is the Kronecker delta. 
The exponential generating function for the heat polynomials given by 
can be readily established by multiplying the series for eXz and for 
e’-“‘+‘Z2Q to obtain a simple series in z and taking note of (3.1). 
The degree of the derivatives of P&X, t) is reduced by differentiation 
with respect o eeither variable as follows: 
; Pn,q(-T t) = nPn - I,&, t) 
and 
$&,‘)=(-l)~+’ n! 
(n-2q)! P” - zq,qcG t). (3.8) 
Standard calculations establish the fact that the polynomials satisfy the 
linear homogeneous differential equation of order 2q in the variable n, with 
t fixed, 
W( - 1)“’ l-$ P&, t) +x $ Pn.&, t) - npnJx, t) = 0, (3.9) 
A REPRESENTATION THEORY 
and the recursion relation 
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Pn+ I,& 1) - xPnJx> t) + (- lY2qt 
n! 
(n-2q+l)! 
Pn-zq+&, f)=O. 
(3.10) 
integral transform representation 
~?ToG&~bt~~~) JJ:?~ foryrlohneat polynomials we first need to establish 
themfollowing important moment property for the source solution. 
LEMMA 3.1. Fur t>O, me N,,, 
L,,(f) = jr x”G,(x; t) dx 
-J3 
GM)! =--#-lY+‘f)n~ni.2qn> n=o, 1,2, . . . . (3.11) 
Proof: Since G,(x, t) is an even function of x, it is clear that if m is odd, 
the integral vanishes. 
Now, for m = 2k, A > 0, consider 
xZkG,(x, t) dx 
f 
cc 
= e -‘r2Gq(~; t) dx 
--SC 
1 OcI =- 
s e 710 
-‘Y”& srn e-““2 cos xy dx 
--5 
l fi =- ( -22qAqt)” r 2qn + 1 ( > J;Enzo n! 2 
= f,, ( - f)” @?n)! AV”. 
n! (qn)! 
Equating coefficients of powers of A, we obtain (3.11). 1 
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We now can express the heat polynomials as a convolution transform of 
monomials, with the translated source solution as kernel. 
THEOREM 3.2. For t > 0 and any real x, 
P,,,&x, t) = jx y”G,(x - y; t) dy. 
z 
Proof. We have 
(3.12) 
c 
m 
Y”G,(x - Y; t) 4 r 
An appeal to the preceding lemma yields 
J‘ 
a, 
y”G,(x - y; l) <V 
~ m 
The result is also immediate by operational calculus. Indeed, we have, by 
(3.11), 
s 
tc 
e-‘-“G&y; t)dy= ‘f - 
s2qm (2qm)! 
-cc m=O c&P)! 
---&(-l)(~+*),)~ 
=,~-l,r+‘& (3.13) 
If we thus replace the variable s by the operator D,, we have, for a suitable 
function f, 
s 3c G&y, ~)e-“D~f(x)dy=e’~“*+“Dt4f(X) -x 
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or 
s m - a, 
G,(y;t)f(x-y)dy= f (-l)~4+1~“~~~24”‘(x). 
“1 = 0 
It follows that if f(x) = Y, we have (3.12). 
In addition to (3.12), we have a complex integral representation for the 
heat polynomials. 
THEOREM 3.3. For t > 0 and any real x, 
A,~(x, (- 1 Yt) = Ix G,(Y + ix, t)(iy)” dy. -3c 
(3.14) 
ProoJ: By Cauchy’s theorem, we have 
J Gq( y + ix; t)(iy)” dy -cc 
= J G,( Y, t)(x + iy 1" 4 -cc 
or, invoking (3.11), we have 
! Gq( y + ix; t)(iy)” dy --co 
CM241 
= ,c, (2gk)r 6!-2~,),x”2*(1)‘~~((-1)q+lt)* 
=[;gl Fn!;;;;, qqr)* (-lp+l)k 
= P”,&, ( - 1 )“t). I 
4. THE ASSOCIATED FUNCTIONS 
The functions w”,~(x, t) associated with the heat polynomials are given 
by 
w,,~(x, t)=L 
s 
O" 
27c -cc 
e~ry2'+i-~-~(-2iy)ndy. (4.1) 
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We note that w,,,(x, t) = G&s; t), and, indeed, 
= ( - 2)” &G&x; t). (4.2) 
A series representation for w,Jx, t) may be derived from (4.1). We have 
w,,q(x, +qq” e-‘?~~yn~y~ocg 
-x 
(-2i)” ‘x (ix)& 
=-*Co,(l+(-l)*+“)~~~~-‘““y”+~~~ 
2lt 
J-29” Ot (iX)k 1 +(-l)“‘“T((k+n+1)/2q) 
c- 2qn k-0 k! 2 p+“+l)/2q ’ (4.3) 
where termwise integration is justified by the absolute convergence of the 
final series. 
Considering separately even and odd indices n, we may represent the 
w&x, r) in terms of hypergeometric series. Calculations analogous to 
those in the derivation of (2.4) give us 
(-1)” 4--l - 2qx 22nt-(2n+1)/24 -x2 ‘r((2n+21+ 1)/2q) 
I( 1 I=0 tll4 (2f)! 
2n+21+ 1 1 
lF2q- 
21+ 2q-1 2q+l 21+ 2q ( - 
2q > 2q ,-q-p 
P(x/2q)Q 
x 1 
2q ;7 
-___ 
,..., t 
(4.4) 
and 
W2” + l,&? 1) 
=(-1)“22”+’ tP(*o+3),(Zq)qi’ (-1)‘Xz’+V((2n+21+3)/2q) 
an I=0 t”4 (21+ l)! 
x F _ 
( 
2n+21+3.21+2 2q-1 2q+l 21+2q+ 1. (- 1)4(x/2q)Q 
1 2q 1 2q ’ 37 ,-,2q’2q’“” 2q 3 t > . 
(4.5) 
The translated source solution is a generating function for the associated 
heat polynomials, and we have 
G&Z-X; r)= f 
?I=0 
(4.6) 
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an equation that is readily established by introducing (4.3) and obtaining 
on the right the series (2.3) for G,(z -x; t). 
By using, in turn, generating functions and integral representations for 
P&X, t) and w&x, t), we can derive an addition property for the source 
solution. Consider, for S, t > 0, 
m Pn,q(X, t) Wn,q(Y> s) 
c : II=0 2%’ 
Appealing to (3.12) and (4.6), we find that 
O” Pn,q(X, f) Wn,q(Y, s) 
c 
?7=0 2% ! 
s O” = Cc znwn,q( Y? s) G,(x-z;t)dz c -n; n=O 2% ! 
co = s G,(x - z; t) G,(z - y; s) dz, (4.7) --oc 
where the interchange of summation and integration can be justified by an 
appeal to (2.11), (2.12), and (4.2). 
On the other hand, using (4.1) and (3.6), we have 
m Pn,q(T t) Wn,q(Y, s) 
c 
If=0 2”n! 
1 = 
=- 
s 27c -7; 
e iq - si2q dz f (-iz)” 7 f%,q(X> t) 
n=o * 
1 Oc 
=%c -3ce I 
i;y--;s;*~-izx+(~1)~+‘(-i;)*~r dz 
1 cc 
=5i -Ice s 
-(9+1)z~~-iz(X-.“) dz 
=G,(x-y;s+t). 
We thus have the addition formula for the source solution 
s 
so 
G,(x - z; t) G,(z - y; s) dz = G&x - y; s + t). 
--cc 
Further, using (4.6), with z complex, and (3.14), we have 
s m G,(z+ix;t)G,(y-iz;s)dz=G,(x-y;s+(-l)qt). --53 
(4.8) 
(4.9) 
(4.10) 
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The associated functions II’,,J x t are solutions of the differential equation , ) 
(-i)~2qtD~~,,,~(X,t)-.YD,U’,,,y(X,t)-((n+1)w,,,(x,t)=O, (4.11) 
and satisfy the recurrence relation 
(x/2)IV n+2-*y,y(x, t)- (n +2-&l) wn+ I-*y,y(x~ t) 
+ (-1)42’~2YqtW,+,,y(X, t)=O. (4.12) 
5. GENERALIZED HERMITE POLYNOMIALS 
AND THEIR ASSOCIATED FUNCTIONS 
The classical heat polynomials pn(.x, t) = pn,r(x, t) are related to Hermite 
polynomials of degree n by the equation 
Defining the generalized Hermite polynomials H,,(x) by 
Cd741 ( _ 1 )Y~(~UY~)~~ ~ W 
K,,(x)=n! c 
k=O k! (n - 2qk)! 
we have that 
Pn,&, 1) = ( - W2%.q ((-4:)“‘2u’)’ (5.2) 
where the generalized Hermite polynomials satisfy the differential equation 
(- 1)4+ ‘qHZ;‘(x) - 2xH3x) + 2nH,,(x) = 0 (5.3) 
and the recurrence relation 
H n+ &4 - 21’y~Kz,,(4 
I 
+(-l)q+Qq (n+ ;12q)! Hn+l-2&)=0. (5.4) 
We note that, as a consequence of (5.2) and (3.3), if n = 2qN + s, 
s = 0, 1, . ..) 2q - 1, the generalized Hermite polynomials are also given by 
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H 2yN+S(X) =(- l)@ ($ +;;2qy (21’4x)S 
s+l -NN;- - 2q-1 ~ 2q+l 2q 2 . ..> 2q 3 2q 3 . . . . 2q . 
A generating function for these polynomials is 
It follows that 
(5.6) 
n$‘o HJx) (2’Y;1,“4z)n 
= e2”; + ( - 1),42Q 2A 
= f HJx); f 5 f (;) ( -1)qk(22)(2q-2)k 
n=O m=O ’ k=O 
=f, H,(x); f (-1)qk(;.;)12q-2um~k& 
’ k=O 
= f Hn(x) $ f (- 1 )qk(k2:)12q-2)k mgqk Z(qy+$ 
n=O ’ k=O 
=nzo H,,(r)2 f’ $ ‘?I (-l)qk22’qP1)kk, (fi;lqk), 
. m-0 ’ k=O 
z.,,; c~‘(~~)Y*2W~*k, (;lqk), 
’ k=O 
x f Hn-~m(x) ’ 
n-2m 
n=2m (n-2m)! 
Equating coeffkients of zn, we find that the generalized Hermite polyno- 
mials can be expressed as a linear combination of Hermite polynomials by 
CM1 
H,,(x) = 2c(‘-YJ’q)“n! 1 u~,~ :I:$/, 
IX=0 n 
(5.7) 
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(5.8) 
Appealing to (5.2), we have a corresponding expansion of the heat 
polynomials p,Jx, t) in terms of the classical polynomials P,,(x, t) given 
by 
( ) 
Cd21 
P n-4 x, $ = 1 amxy 
l?l=O 
(,II:,,! (i)” Pn-zm (X? $). (5.9) 
Corresponding to the associated functions w,Jx, t), we define the 
functions W,,,(x) by 
w,,4(x, t) = t -fn+ 1’12qK,y @j&G . 
( ) 
Substituting (5.10) into (4.1 l), we find that 
( - l)q+ ‘q wy;yx, + (2x wn,q(x))’ + 2n wn,q(x) = 0, (5.11) 
so that the differential equation satisfied by H,,,(x) and Wn,,(x) are adjoint 
to each other. 
6. HOMOGENEITY 
A function u(x, t) E H is said to be homogeneous of degree n if 
u(E.x, A*qt) = i”u(x, t), (6.1) 
for any positive number i. 
From the series (2.3), (3.1), and (4.3), respectively, we can readily 
conclude that 
G,(x, t) is homogeneous of degree - 1; (6.2) 
P,,~(x; t) is homogeneous of degree n; (6.3) 
w,,,(x, t) is homogeneous of degree -n - 1. (6.4) 
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Further, all temperatures U(X, t) homogeneous of degree r satisfy 
Eqs. (1.1) and (6.1) with n = r, and thus are also solutions of the differential 
equation 
If we let 
2qt( - l)y+ l D2,4u(x, t) + x D-$(X, t) - YU(X, t) = 0. (6.5) 
4x3 t) = f Uk,q(d g, 
k=O 
we find that the coefficients must satisfy the equation 
t((k-r)‘2y)-mak,q(l), k = 0, 1, . . . . 2q - 1. 
m 
It follows that 
zy-1 cc 
‘tx, l) = 1 1 ak+2qm,q(t 
k=O m=O 
Xk + 2qm 
)(k+2qm)! 
zo- 1 
= ‘c uk,q( 1 ) rUk,qtX, t), 
k=O 
where 
Xk 
=g 
t(‘-k)/2q ,“_,((~~~~~i,“.i-((-1~2q~, c k=O, 1,...,2q-1, 
= < t+k,/2y 
k! 
x ,F2,-1 
k-r k+l 
-*- 
2q-1 2q+l 
2q 3 2q , ‘..Y 2q’ 2q’ . . . . 
(6.6) 
denote 2q linearly independent emperatures which are homogeneous of 
degree r. 
Now, for r=2qN+s, NEN,, s=O, 1, . . . . 2q- 1, 
x 1F24--1 
r+l 
-N;-- 
N 2q-1 2q+l r+2q x 2q -- 
29 5 .**, 2q 9 2q 9 . . . . 
-_.-_ N (-1)” 
2q 3 t (>> 2q 
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so that, comparing with (3.3) we have 
N= L L 1 29 (6.7) 
Hence we have established that, for any non-negative integer Y, there is an 
integer s, s = 0, 1, . . . . 2q - 1, such that r~,,y(x, t) has a terminating hyper- 
geometric expansion which is some multiple of P~,~(x, t), as noted in (6.7). 
Now, if Y = - 1, we note from the second equation of (6.6) that for 
k = 0, I, . . . . 2q - 2, 
29-l 2q+l 
- - 9 2q > ...? 2q , 2q 3 . 
Referring to (2.4), we thus have that 
21+ 1 G,(x, r)=gg (-1)/r - 
( 1 29 
~ 1%& r). (6.8) 
I-0 
If r = -2m - 1, m = 0, 1, . . . . then it follows readily from the second 
equation of (6.6) and (4.4) that 
(-l)'r(2m;;+ ') -2m--1U2,,q(xv r), (6.9) 
whereas if r = -2m - 2, we have from (4.5), 
W2m+I,& f) 
J-l)“p+lY-’ 
2971 z. wr(2m+2~+3) -2m-sz+ ,,q(x> t). (6.10) 
The properties we developed in this paper for the source solution, which 
has a central role in the theory, the heat polynomials, and their associated 
functions will form the basis for our establishing sufficient conditions for 
the series representation of a solution of (1.1). 
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